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Abstract 

We revise the problem of the quantization of relativistic particle, presenting 
a modified consistent canonical scheme, which allows one not only to include 
arbitrary backgrounds in the consideration but to get in course of the quanti- 
zation a consistent relativistic quantum mechanics, which reproduces literally 
the behavior of the one-particle sector of the corresponding quantum field. At 
the same time this construction presents a possible solution of the well-known 
old problem how to construct a consistent quantum mechanics on the base of 

a relativistic wave equation. 
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Already for a long time there exists a definite interest in quantization of classical and 
pseudoclassical models of relativistic particles (RP). This problem meets such difficulties 
as zero-Hamiltonian phenomenon and time definition problem. Consideration in arbitrary 
electromagnetic and gravitational backgrounds creates additional difficulties. The usual aim 
of the quantization is to arrive in a way to a corresponding relativistic wave equation without 
any attempt to demonstrate that a consistent quantum mechanics is constructed, since there 
is a common opinion that the construction of a such a mechanics on the base of relativistic 
wave equations is not possible due to existence of infinite number of negative energy levels, 
and due to existence of negative vector norms (in scalar case), and these difficulties may 
be only solved in QFT [|TJ. One of possible approach to the canonical quantization of RP 
models was presented in || on the base of a special gauge, which fixes reparametrization 
gauge freedom. However, the difficulties with inclusion of arbitrary backgrounds were not 
overcome and the consistent quantum mechanics was not constructed. It turns out that the 
whole scheme of quantization, which was used in that papers and repeated then in numerous 
works, has to be changed essentially to make it possible to solve the above problems and 
to construct a quantum mechanics which is consistent to the same extent to which a one- 
particle description is possible in the frame of the corresponding QFT. One of the main 
point of the modification is related to a principally new realization of the Hilbert space. At 
the same time this construction gives a solution of the above mentioned old problem how to 
construct a consistent quantum mechanics on the base of a relativistic wave equation Below 
we present a demonstration for a spinless particle case. The spinning particle case and all 
long technical details may be found by a reader in ||. 

We start with a reparametrization invariant action of a spinless relativistic particle in- 
teracting with gravitational and electromagnetic backgrounds, 

S = J Ldr, L = -myj xi>g llv {x)x v - qx y, g ta/ {x)A"{x), x^ = dx^/dr. (1) 

We select a special gauge ga = (then g 00 = g^ > 0, g lk gkj = 5}) of the metric and define 
canonical momenta 
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The discrete variable £ = ±1 is important for our consideration, 

C = -sign [p + qA ] . (3) 

It follows from (|2|): sign(x°) = (, and there is a constraint $i = po + + = 0- The 
total Hamiltonian we construct according to a standard procedure ||, 

j) = {t7,#W}, $ 1= 0, A>0, FW = CA$i, r/=(x^,p M ), (A = |x°|). (4) 

$i = is a first-class constraint. A possible gauge condition, which fixes only A, has the 
form 0: 

$ 2 = x° - (t = . (5) 

We study equations of motion to clarify the meaning of ( (below for simplicity g^ v = r]^ u = 
diag(l, — 1, . . . , — 1)). Interpreting (t = clS cL physical time, (pi = Pi physical 
momentum, dx^ /d((r) = dx^/dx = t> J as a physical three- velocity, "p¥ m = P i + [(q)Ai as 
the kinetic momentum, we may see that (^) in the gauge (|5|) read: 

f^ = (C 5 ){E + [v,H]},v =7 =^,§ = 0, ( = ± 1, 

-pfcm _ f<pkm\ Thus, the classical theory describes both particle and antiparticles with 
charges (q. One can prove that for independent variables rj = {x k , pk, C) equations of motion 
are canonical with an effective Hamiltonian T~L e ff 

l = {V, Heff}, Heff = [CQM X ) + ^L°=Cr " ( 6 ) 

Commutation relations for the operators X k , i\, £, which correspond to the variables 
% k ,Pk, C? we define according to their Poisson brackets, and we assume the operator £ to have 
the eigenvalues ( = ±1 by analogy with the classical theory. Thus, nonzero commutators 
are: [X k ,Pj] = ih5 k and ( 2 = 1. As a state space we select one R, whose elements ^ G R 
are x-dependent four-component columns (x = x l ) 



^+i(x)^ 


, *c(*) = 


xc( x ) 






V ^C( X ) y 



C = ±i 



(7) 



The inner product in i? is defined as follows: 

(vl>, = [ *(x)*'(x)dx = / [x*(x)^'(x) + ^(x)x'(x)] dx, * = *+ < t 1 . (8) 



We seek basic operators in block-diagonal form, £ = bdiag (J, —J) , X k = x k I, Pk = 
Pi~I, pk = —ihdk, where I and I are 2x2 and 4x4 unit matrices respectively. A quantum 
Hamiltonian H T , which defines the evolution in r, is constructing using its classical analog 

Keff , 



H T = (qA + tt, Cl = bdiag ( 



UJ 



X U =T ' I IE 



°=-t) 



m = - [p k + qA k ] V=gg kj \Pj + qAj] + m 2 ^, G 



G 

£00 



-9 



(9) 



The operator A = bdia.g(A \ x0=T I, A \ x0= _ T /) is related to the classical quan- 
tity Aq\ x o = £ T , and Q is related to the classical quantity u\ x0=( * T . Indeed, Q 2 = 
bdiag (MG\ x q =t I, GM\ x0= _ T I) corresponds (in classical limit) to square of the classical 
quantity u\ x0=( - T . Quantum states evolute in time r in accordance with the Schrodinger equa- 
tion ihd T ^(r) = H t ^/(t), where the columns \Pf(r, x), and the functions <^(r, x), Xc( T ; x ) 
from fl7|) depend now on r . As before we believe that x° = (t may be treated as physi- 
cal time and reformulate the evolution in its terms. At the same time we pass to another 
representation of state vectors. 



^ c (x) 



J 



y c (x) 



( C ,A 

X c {x) 



ip c (x) 



V(x) = *+i(x°,x), ^ c (x) = ^(-x^x), x = (x°,x) . (10) 
The inner product of two states *S?(x°) and ^f'(x°) in such a representation takes the form 

(*,*') = (*,*') + (* c ,^ c/ ) , (11) 
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where (\&, ^f') is given by In this representation the operators ( and X k retain their 
form, whereas the Schrodinger equation changes 



ihd^(x") = # x .o*(a: u ), H x o = bdiag ( h(x°), h c {x° s 



h(x°) = qA I + cb, h c (x°) = h{x°) 



a 3 h(x°)a 3 



(12) 



In accordance to our interpretation ( is charge sign operator. Let SE^ be states with a 
definite charge ((q), C^c = C^c- ^ is easily to see that states with the charge q have 
= 0. Then the equation ( pT2|) reads ifbd^ = h(x°)ty . In fact it is Klein-Gordon equation 
(KGE) for the charge q in first order form. It reproduces exactly the covariant KGE for 
the scalar field (p(x) with the charge q, 
1 



<^ = 0, {x = V=gg 00 (id -qA ) ( p) 



States Sf'-i with charge — q have \P = 0. In this case the equation (|i~2"D reads ihdo^ c = 
h c (x°)ty c , with the Hamiltonian h c (x°), i.e. the KGE for the charge —q. The inner product 
(PI) between two solutions with different charges is zero. For two solutions with charges q 
it takes the form of KGE scalar product for the case of the charge q. For two solutions with 
charges — q the inner product (pi]) is expressed via KGE scalar product for the case of the 
charge —q. The Schrodinger equation (O) is totally charge invariant. 

The eigenvalue problems for the Hamiltonians h and h c in time independent external 
backgrounds 



solve the eigenvalue problem of the Hamiltonian (0): 



(13) 



- 1 - 3 



' / ( ^ 



\ 







\J/ C 



' o ^ 



, (*,* c ) = 



X&xxf&nm , X = ± 



/ 



(14) 



On the Fig.l we show typical spectra (one can keep in mind e.g. external Coulomb field): 
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Fig.l. Energy spectra of KGE with charges q and — q; I and II - spectrum of h, III and IV - 
spectrum of h c . 

Let us compare results of the first quantization with one-particle sector of the corre- 
sponding QFT. In course of second quantization the the classical field ( |lOl) becomes operator 
if(x) = -(\j>+<r 3 ) T , t = 



M(x - y) , in5b*(x) = /i(x u )^(a;) , ihd ^ c {x) = h c (x°)^ c (x). (15) 



In external backgrounds, which do not create particles from the vacuum, one may define 
subspaces invariant under the evolution with definite numbers of particles . Let us consider 
below only such backgrounds which do not depend also on time to simplify the demon- 
stration. A generalization to arbitrary backgrounds, in which the vacuum remains sta- 
ble, looks similar. One may decompose the operator 4f(x) in the complete set ip^ n , then 



Thus, we get two sets of annihilation and creation operators a n ,a+ and b n ,b^, one of par- 
ticles with a charge q and another one of antiparticles with a charge —q. Indeed, the 
Hamiltonian H® FT of the QFT, charge operator Q® FT and particle number operator N 
read 

H QFT = Hr FT + E , Hr FT = 2J [t+,n<4i a n + e+, n K K] , E = - ) j e__ n , 

n n 

qQft = q J2 [ a +a n - b+b n ] , N = ^ [a+a„ + 6+6 n ] , 

n n 

where H® FT is a renormalized Hamiltonian. The Hilbert space B9 FT of QFT is a Fock one. 
In the backgrounds under consideration each subspace R^b °f state vectors with the given 
number of particles A and antiparticles B is invariant under the time evolution. Now we 
are in position to demonstrate that the one-particle sector of the QFT may be formulated 
as a consistent relativistic quantum mechanics. We reduce the space R9 FT to a subspace of 
vectors which obey the condition N\^f >= >. It is the subspace R 1 = Riq T © iv ' 
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We call R 1 one-particle sector of QFT. All state vectors from the one-particle sector have 
positive norms. The spectrum of the Hamiltonian Hr FT in the space R 1 reproduces exactly 
one-particle energy spectrum of QFT (it is situated on the areas I and III of the Fig.l.), 

H Q / T \* >= Efi™\* >,|*>= K|0 >; 6+|0 >) , = (e + , n ; e c + J . (16) 

The dynamics of the one-particle sector may be formulated in a coordinate representation, 
which is an analog of coordinate representation in nonrelativistic quantum mechanics. Let 
us consider time-dependent states |^(x ) > from the subspace R 1 . One may describe these 
states in the coordinate representation by four columns 



=< 0|£(x)|*(0) >, * c (x) =< 0|^ c (x)|*(0) >, (17) 



where ^(x) and \^ c (x) have the form ([3~0|) . The QFT inner product reduces in this case to 
the inner product flTT|). One may find expressions for the basic operators in the coordinate 
representation in the one-particle sector. In particular, the Hamiltonian, the Schrodinger 
equation and charge operator Q^ FT are 



H% FT -> H = bdiag (h , /i c ) , ^<9 *(x°) = H¥(x°), Q QFT -> Q = gC • (18) 

We meet, in fact, all the quantum mechanical constructions in the case under consideration. 
The eigenvalue problem flUf) in the coordinate representation has the form flU]), however 
the states *&-, n and ^ c _ a are absent. It reproduces the spectrum ( [TED situated on the areas 
I and III of Fig.l. According to superselection rules physical states are only those, which 
obey the condition Q^ FT ^f^ = (q^^ = (q^(, C = ±1. This condition defines a physical 
subspace R* h = Ri^ T U Rq FT from the one-particle sector R 1 . Due to the structure of the 
operator (, the states contain only the upper half of components, whereas, ones 
contain only the lower half of components. One may see that the complete set ^+ in and 
V&l a consists only of physical vectors. 

Returning to the first quantization, we may see that under certain restrictions our quan- 
tum mechanics coincides literally with the one-particle sector of QFT. These restrictions are 
related only to an appropriate definition of the Hilbert space of the quantum mechanics. 
Indeed, all other constructions in the quantum mechanics and in the one-particle sector of 
the QFT in the coordinate representation coincide. Consider again the eigenvalue problem 
([14]) for the quantum mechanical Hamiltonian in the space R. Its spectrum is wider than 
one of the QFT Hamiltonian in the space R 1 . To get the same spectrum as in QFT, we 
need to eliminate the vectors and V&i a . We may define an analog of the space R 1 as 
a linear envelop of the vectors ^+, n and \£+ a only. This space does not contain negative 
norm vectors. The spectrum of the Hamiltonian ([12]) in such defined space coincides with 
one of the QFT Hamiltonian in the one-particle sector. Reducing R 1 to R^ h , we get literal 
coincidence between both theories. One may think that the reduction of the space R of 
the quantum mechanics to the space R 1 is necessary only in the first quantization, thus an 
equivalence between the first and the second quantization is not complete. However, the 
same procedure is present in the second quantization. Indeed, besides the vectors flT5| ) one 
could consider hypothetically the following possibilities to form one-particle states: 

1) o+|0)i, 6„|0)i, (a n |0 >i= b+\0 >i= 0); 
8 



2) a„|0) 2 , b n \0) 2 , (a+|0 > 2 = 6+|0 > 2 = 0) ; 

3) a n |0) 3 , 6+|0) 3 , (a+|0 > 3 = 6„|0 > 3 = 0). 

The states from the group 1) reproduce the usual spectrum of the KGE which is situated on 
the areas I and II (see Fig.l). The states from the group 2) reproduce the spectrum which 
is situated on the areas IV and II. The states from the group 3) reproduce the spectrum 
which is situated on the areas IV and III. These states are eliminated from the state space 
of the quantum field theory. 

Thus, we see that the first quantization of classical actions of the relativistic particle leads 
to relativistic quantum mechanics, which is consistent to the same extent as corresponding 
quantum field theory in the one-particle sector. Such quantum mechanics describes charged 
particles of both signs (particles and antiparticles), and reproduces correctly their energy 
spectra without infinite number of negative energy levels. No negative vector norms need 
to be used in the corresponding Hilbert space. There is also an important analogy with 
the second quantization. Both in first and second quantizations we start with actions with 
a fixed charge and in course of the quantizations we get charge symmetric theories where 
particles and antiparticles are present on the same foot. It is also important to stress that 
the first quantization and its comparison with one-particle sector of the quantum field theory 
provides a very simple solution for the well-known old problem: how to construct a consistent 
quantum mechanics on the base of a relativistic wave equation? The solution is very simple, 
instead to try to use the lower branch of the spectrum (area II on Fig.l) one has to unite 
particle and antiparticle in one multiplet on the base of Schrodinger equation ([12]). Then 
the area III appears naturally, and areas II and IV have to be eliminated. 
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